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ESTIMATES OF GEODESIC RESTRICTIONS OF EIGENFUNCTIONS
ON HYPERBOLIC SURFACES AND REPRESENTATION THEORY
ANDRE REZNIKOV
Abstract. We consider restrictions along closed geodesics and geodesic circles for eigen-
functions of the Laplace-Beltrami operator on a compact hyperbolic Riemann surface.
We obtain bounds on the L2-norm and on the generalized periods of such restrictions
as the corresponding eigenvalue tends to infinity. We use methods from the theory of
automorphic functions and in particular the uniqueness of the corresponding invariant
functionals on irreducible unitary representations of PGL2(R).
1. Introduction
1.1. Maass forms. Let Y be a compact Riemann surface with a Riemannian metric of
constant curvature −1. We denote by dv the associated volume element and by d(·, ·) the
corresponding distance function. The corresponding Laplace-Beltrami operator ∆ is non-
negative and has purely discrete spectrum on the space L2(Y, dv) of functions on Y . We
will denote by 0 = µ0 < µ1 ≤ µ2 ≤ ... the eigenvalues of ∆ and by φi the corresponding
eigenfunctions (normalized to have L2 norm one). In the theory of automorphic functions
the functions φi are called non-holomorphic forms, Maass forms (after H. Maass, [M]) or
simply automorphic functions.
The study of Maass forms is important in analysis, number theory and in many areas
of mathematics and of mathematical physics. In particular, various questions concerning
analytic properties of the eigenfunctions φi drew a lot of attention in recent years (see
surveys [Sa1], [Sa2] and references therein).
1.2. Restrictions to curves. In this paper we study analytic properties of restrictions
of eigenfunctions to closed curves.
Let γ ⊂ Y be a smooth closed curve with the corresponding line element dγ. We fix a
parametrization tγ : S
1 → γ which we assume is proportional to the natural parametriza-
tion (i.e. dγ∗ = length(γ)dθ, where 0 ≤ θ < 1 is the parametrization of S1). Our main
object of the study is the restriction φγi (θ) = φi(tγ(θ)) of a Maass form φi to the curve γ.
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The first question naturally arising in this setting asks for a bound on the size of the
L2-norm of the restriction of φi to γ:
pγ(φi) =
∫
γ
|φi|2dγ(1)
as the eigenvalue µi →∞.
We study the L2-norm of such a restriction via generalized or twisted periods of a Maass
form along the closed parameterized curve. Such periods are naturally arise in the theory
of automorphic functions and are of interest in their own right. Namely, as a function on
S1, the restriction φγi gives rise to the following Fourier coefficients :
pγn(φi) =
∫
γ
φi(tγ(θ))e
−2πinθdγ .(2)
We consider two types of curves on the Riemann surface Y : closed geodesics and geodesic
circles. It turns out that for these special curves one can study the corresponding Fourier
coefficients of Maass forms via representation theory.
1.2.1. Geodesic circles. We consider geodesic circles first. Let σ = σ(r, y) ⊂ Y be a
geodesic circle of a radius r > 0 centered at y ∈ Y . For r which is less than the injectivity
radius of Y at y the geodesic circle is defined by σ(r, y) = {y′ ∈ Y | d(y, y′) = r}. Writing
the Laplace-Beltrami operator in polar geodesic coordinates centered at y and using the
separation of variables one sees immediately that there exists a function Cµ(r, n) such
that the n’th generalized period of a Maass form φi with the eigenvalue µi along σ(r, y)
is equal to
pσ(r,y)n (φi) =
∫
σ(r,y)
φi(tσ(θ))e
−2πinθdσ = aσn(φi)Cµi(r, n).(3)
In other words, the restriction of the Maass form φi to the geodesic circle σ(r, y) has the
Fourier series expansion given by
φi(tσ(θ)) =
∑
n
aσn(φi)Cµi(r, n)e
2πinθ , n ∈ Z.(4)
We stress that the function Cµ(r, n) depends only on the eigenvalue of φi and not on
the choice of the eigenfunction (it is essentially equal to the appropriate hypergeometric
function or Legendre function, see [He], [Sa3], [Pe]) and is independent of the point y. On
the other hand coefficients aσn(φi, y) capture the structure of the eigenfunction φi. The
expansion (4) is similar to the Taylor expansion at the point y ∈ Y , and in fact would be
the Taylor expansion for the holomorphic forms.
Coefficients aσn(φi, y) are the main object of our study. Our main result is the following
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Theorem A. For any fixed geodesic circle σ = σ(r, y) ⊂ Y there exists a constant Cσ
such that for any eigenfunction φi with the eigenvalue µi the following bound holds∑
|n|≤T
|aσn(φi)|2 ≤ Cσ ·max{T,
√
µi} ,(5)
for any T ≥ 1.
In fact, we will prove this theorem for σ being any fixed image (not necessary smooth) of
a circle in a tangent space TyY at y under the exponential map expy : TyY → Y .
As a corollary we obtain the following bound on the L2-norm of the restriction.
Corollary A. Under the same conditions as in the Theorem A there exists a constant
C ′σ such that the following bound holds
pσ(φi) ≤ C ′σ · µ
1
6
i .(6)
It is natural to expect that the true value of the norm for the restriction is given by the
following
Conjecture A. Let σ ⊂ Y be a fixed closed geodesic circle then
pσ(φi)≪ µεi(7)
for any ε > 0.
We also obtain a uniform bound for the period.
Corollary A’. Under the same conditions as in the Theorem A there exists a constant
C ′′σ such that the following bound holds
|pσ(r,y)0 (φi)| =
∣∣∣∣∫
σ(r,y)
φi(tσ(θ))dσ
∣∣∣∣ ≤ C ′′σ .(8)
In fact, one can formulate a similar bound for the generalized period p
σ(r,y)
0 (φi) for any
n (see Section 5). On the basis of the Lindelof conjecture, one expects that the bound
| ∫
σ(r,y)
φi(tσ(θ))dσ| ≪ µ−1/4+εi holds, but no improvement over (13) is known for general
surfaces. For arithmetic surfaces and special circles (coming from imaginary quadratic
fields) non-trivial improvements follow from the subconvexity bounds for the correspond-
ing L-functions (see [MV]). We note that the analogous to (13) bound is sharp on the
sphere S2 and on the torus T 2.
1.2.2. Closed geodesics. We have a similar statement for closed geodesics as well. Namely,
there exists a function Gµ(l, n) such that for any closed geodesic ℓ of a length l the
corresponding period is given by
pℓn(φµi) =
∫
ℓ
φi(tℓ(θ))e
−2πinθdℓ = aℓn(φi)Gµi(l, n).(9)
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The existence of the function Gµ(l, n) again follows from the separation of variables in
coordinates corresponding to the first coordinate being the natural parameter along the
geodesic ℓ and the second coordinate being the distance to the geodesic ℓ. It is also can be
described in terms of an appropriate hypergeometric function. In Section 4 we will show
how the existence of the function Gµ(l, n) easily follows from the representation theory.
Theorem B. For any closed geodesic ℓ ⊂ Y there exists a constant Cℓ such that for
any eigenfunction φi with the eigenvalue µi the following bound holds∑
|n|≤T
|aℓn(φi)|2 ≤ Cℓ ·max{T,
√
µi} ,(10)
for any T ≥ 1.
We have the similar
Corollary B. Under the same conditions as in the Theorem B there exists a constant
C ′ℓ such that the following bound holds
pℓ(φi) ≤ C ′ℓ · µ
1
4
i .(11)
The reason for the difference in exponents in Corollaries A and B is explained in Sections
4 and 5.
It is natural to expect that the true value of the norm for the restriction is given by the
following
Conjecture B. Let ℓ ⊂ Y be a fixed closed geodesic then
pℓ(φi)≪ µεi(12)
for any ε > 0.
We also obtain a uniform bound for the period (compare to [Pitt]).
Corollary B’. Under the same conditions as in the Theorem A there exists a constant
C ′′ℓ such that the following bound holds
|pℓ0(φi)| =
∣∣∣∣∫
ℓ
φi(tℓ(θ))dσ
∣∣∣∣ ≤ C ′′ℓ .(13)
In fact, one can formulate a similar bound for the generalized period pℓ0(φi) for any n
(see Section 4). On the basis of the Lindelof conjecture, one expects that the bound
| ∫
ℓ
φi(tσ(θ))dσ| ≪ µ−1/4+εi holds, but no improvement over (13) is known for general sur-
faces. For arithmetic surfaces and special circles (coming from imaginary quadratic fields)
non-trivial improvements follow from the subconvexity bounds for the corresponding L-
functions (see [MV]). We note that the analogous to (13) bound is sharp on the sphere
S2 and on the torus T 2.
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1.3. The method. We follow the general strategy formulated in [BR3]. It is based on
ideas from the representation theory of the group PGL2(R). Namely, any Riemannian
surface Y gives rise to a discrete subgroup Γ ⊂ PGL2(R) = G and the quotient space
X = Γ\G. We first use the fact that every Maass form φ generates an irreducible unitary
representation V ⊂ L2(X) of G, called an automorphic representation. The eigenfunction
φ corresponds to a unit vector e0 ∈ V invariant under the compact subgroup K ⊂ G
such that X/K ≃ Y (such a vector is unique up to multiplication by a constant). All
irreducible unitary representations of G are classified and have explicit models. This
setting, formulated by I. Gel’fand and S. Fomin ([GF]), will be essential in what follows.
Generalized periods along closed geodesics and geodesic circles are related to the repre-
sentation theory in the following way. Any closed geodesic ℓ gives rise to a closed orbit
Oℓ of the diagonal subgroup A ⊂ G under the right action of G on X and similarly each
geodesic circle σ gives rise to an orbit Oσ of an appropriate compact subgroup K ′ of G.
We note that any closed orbit O of A gives rise to the cyclic subgroup AO ⊂ A of elements
in A acting trivially on O. The quotient group A/AO is compact (this is also true for an
orbit of a compact subgroup but we will not use this subgroup since K ′ is compact by
itself). The L2-form on the orbit O gives rise to a non-negative Hermitian form HO on
the space of smooth functions on X via restriction. We study the coefficients pℓ/σ(φi) and
p
ℓ/σ
n (φi) through this Hermitian form.
Let G ⊂ G stands for either A or K ′. For an orbit O of G as above we study the form
HO by means of the corresponding generalized periods along O. Namely, for a unitary
character χ : G → C we consider a functional on the space V ∩C∞(X), which we call the
χ-period along the orbit O, defined on V ⊂ C∞(X) by via the integral against χ¯ over O
with respect to a G-invariant measure. For G = A we consider only characters trivial on
AO. One have the Plancherel formula expressing the value of the form HO on a vector in
V as the sum of squares of the coefficients arising from χ-periods of the same vector (see
(17)). This corresponds to the usual Plancherel formula for the Fourier expansion of the
restriction of a function to the orbitO under the identification O ≃ S1. On the other hand,
any χ-period restricted to an automorphic representation V gives rise to a functional dautχ
which is χ-equivariant under the action of G on V . As well-known in the representation
theory of PGL2(R) the space of such functionals on a unitary irreducible representation
of G is one-dimensional. We use this fact in order to introduce the coefficients aχ ∈ C
defined below, which are the main object of our study. Namely, using an explicit model
of an irreducible automorphic representation in the space of functions on the line (for
G = A) or on the circle (for G = K ′) we define a (χ,G)-equivariant functional dmodχ by
means of an explicit kernel (see (22)). The uniqueness of such functionals implies the
existence of the coefficient of proportionality
dautχ = aχ · dmodχ .
The main idea of our method is to use analytic properties of the explicitly constructed
functionals dmodχ in order to control the coefficients in the Plancherel decomposition of
HO. The study of the functionals d
mod
χ is based on the stationary phase method. We
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use simple geometric properties of the form HO (see Lemmas 3.2.1 and 5.2) in order to
obtain sharp on the average bound on the coefficients aχ (Theorems 3.4 and 5.2.2) and
use it to prove Theorems A and B. The discrepancy in the exponent in Corollaries A and
B is a reflection of different spectral decomposition of the same K-fixed vector e0 ∈ V
with respect to characters of A and of K ′ respectively (compare (31) to (43); see Remark
5.3.1).
1.4. Remarks. 1. The supremum norm of an eigenfunction φµ of the Laplace-Beltrami
operator on a compact Riemannian manifold M , dimM = n, satisfies the Ho¨rmander’s
classical bound sup |φµ| ≤ cµn−14 ‖φµ‖L2(M), where µ is the eigenvalue of φµ. This bound
is sharp on the standard sphere. Hence bounds in Corollaries A and B do not follow from
the general pointwise bound on φi.
After announcing the proof of bounds in Corollaries A and B author have learned that
these results are special cases of results of D. Tataru ([Ta]) and also follow from recent
results of N. Burq, P. Ge´rard and N. Tzvetkov ([BGT1]). In fact, Tataru showed that the
estimate pγ(φi) ≤ Cγµ1/6i holds for any smooth non-flat curve γ ⊂ Y and pγ(φi) ≤ Cγµ
1
4
i
for a flat smooth curve. For general Y the second bound is sharp. Namely, one can see
that on the standard sphere for each eigenvalue µ = n(n + 1) and for each geodesic ℓ
(i.e. an equator) there exists an eigenfunction Yµ,ℓ (e.g. the lowest associated spherical
harmonic Y nn , see [Ma]) of the L
2-norm one such that
∫
ℓ
|Yµ,ℓ|2dℓ is of order µ 14 .
Moreover, further results in [BGT2] greatly extended our results to Lp-norms and made
the present paper obsolete. We also mention [Bo] and [So] among further developments
which reversed [BGT2] and showed the realtion to L4-norms of eigenfunctions on Y .
2. We conjecture that the bound pℓ/σ(φi)≪ µε holds. This is consistent with the conjec-
ture of P. Sarnak [Sa1] claiming that sup |φi| ≪ µε. Unfortunately, for a general compact
hyperbolic surface Y the only known improvement in the bound for the supremum of an
eigenfunction is logarithmic: sup |φi| ≤ Cµ1/4i / lnµi ([Be]).
We also conjecture that bounds |aσ/ℓn (φi)| ≪ max{nε, µεi} hold for any ε > 0.
For Riemann surfaces of the number-theoretic origins and the special basis of eigenfunc-
tions of number-theoretic significance (the so-called Hecke-Maass basis) H. Iwaniec and P.
Sarnak [ISa] have improved the exponent 1/4 in the supremum norm bound above to the
exponent 5/24. Corolaries A and B show that the quantities pℓ/σ(φi) are more accessible
than the supremum of eigenfunctions.
We also note that for 3-dimensional hyperbolic manifolds the bound sup |φi| ≪ µε does
not hold in general as was shown by Z. Rudnick and P. Sarnak [RS] and hence one can
not expect that the corresponding generalized periods on geodesic spheres are small for
all eigenfunctions. It is interesting to study corresponding periods along closed geodesics
in order to see if these are small with respect to the eigenvalue.
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3. The generalized periods of the restriction of an eigenfunction along a closed geodesic
and along a geodesic circle are of utmost interest in number theory (see [Du], [KSa]).
These are the coefficients aχ defined in 1.3 (see (22) and (39) for the exact definition).
Our main underlying results (Theorems A and B) give sharp mean value bound on these
coefficients. These results are similar to the bound of G. Hardy on the average size
of Fourier coefficients of cusp forms. We formulate a conjecture concerning the size of
these periods (Conjecture 3.4.3) which should be viewed as an analog of the Ramanujan-
Petersson conjecture on Fourier coefficients of cusp forms. In the special case of Hecke–
Maass forms periods along closed geodesics and values at some special points (i.e. Heegner
points) give rise to special values of L-functions (see [KSa] and references therein). In
these cases using so-called convexity bounds on these L-functions one obtains stronger
bounds on periods along these special curves then the bounds which trivially follow from
Theorems A and B. It is an intriguing question if there exists a connection between
generalized periods and special values of L-functions in general.
4. In this paper we treat restrictions to a fixed closed geodesic. It is a deep problem
to understand the dependence of the norm of these restrictions and the corresponding
periods on the geodesic (e.g. to study the dependence of the constant Cℓ on the geodesic
ℓ).
The similar question for geodesic circles is of utmost interest in the spectral theory. In
particular, one would like to study the behavior of pσ(φi) for small geodesic circles with
the radius of order µ−αi for
1
2
≤ α < 0. This is related to so-called doubling constant of
φi (see [NPS]).
5. Our methods work for non-compact hyperbolic surfaces of finite volume as well. In
fact, for non-compact Riemann surfaces of finite volume one can pose a similar question
for the size of restrictions to a horocycle instead of a geodesic. Namely, let η ∈ Y be a
fixed horocycle (there is a continuous family of horocycles associated to each cusp of Y ).
Similarly to pℓ(φi), one defines p
η(φi) as the L
2-norm of the corresponding restriction of
the eigenfunction φi to η and the periods p
η
n(φi). Under the appropriate normalization
the coefficients pηn(φi) are equal to the usual Fourier coefficients of Maass forms. One can
show that for a cusp form φi the bound p
η(φi) ≤ Cηµ
1
6
i holds. Moreover, using nontrivial
bounds on Fourier coefficients of cusp forms for Y arising from congruence subgroups one
can show that for the Hecke-Maass basis of eigenfunctions on such surfaces the sharp
bound pη(φi) ≤ Cηµεi holds for any ε > 0. One expects that the similar bound holds
for general Y . In order to improve the exponent 1/6 above one have to improve over the
subconvexity bound for Fourier coefficients of Maass forms obtained in [BR1]. The analog
of Theorems A and B for Fourier coefficients of Maass forms was proved by A. Good [Go]
following Hardy’s method.
The paper is organized as follows. In Section 2 we remind the notion of an automorphic
representation and the correspondence between eigenfunctions and automorphic repre-
sentations. In Section 3 we introduce non-negative Hermitian forms associated with each
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closed geodesic and prove basic inequalities for these forms. We also prove our main tech-
nical result, Theorem 3.4, and formulate Conjecture 3.4.3 on the size of the corresponding
periods. In Section 4 we compute spectral density of a K-fixed vector and apply this
to prove Theorems A. In Section 5 we prove the bound in Theorem B for restrictions to
geodesic circles along similar lines.
Acknowledgments. This paper is a part of a joint project with J. Bernstein whom I
would like to thank for numerous fruitful discussions. It is a great pleasure to thank L.
Polterovich for enlightening discussions on the subject and for bringing to my attention
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2. Representation theory and eigenfunctions
It has been understood since the seminal works of A. Selberg [Se] and I. Gel’fand, S.Fomin
[GF] that representation theory plays an important role in the study of eigenfunctions φi.
Central for this role is the correspondence between eigenfunctions of Laplacian on Y and
unitary irreducible representations of the group PGL2(R) (or what is more customary
of PSL2(R)). This correspondence allows one, quite often, to obtain results that are
more refined than similar results for the general case of a Riemannian metric of variable
curvature.
We remind the basic setting for the theory of automorphic functions (see the excellent
source [G6] for the representation-theoretic point of view we adopt here and [Iw] for a
more classical approach based on harmonic analysis on the upper half plane).
2.1. Automorphic representations. We start with the geometric construction which
allows one to pass from analysis on a Riemann surface to representation theory.
One stars with with the upper half plane H equipped with the hyperbolic metric of
constant curvature −1 (or equivalently one might work with a more ”homogeneous” model
of the Poincare´ unit disk D; the use of H is more customary in the theory of automorphic
functions). The group SL2(R) acts onH by the standard fractional linear transformations.
This action allows one to identify the group PSL2(R) with the group of all orientation
preserving motions of H. For reasons explained bellow we would like to work with the
group G of all motions of H; this group is isomorphic to PGL2(R). Hence throughout the
paper we denote G = PGL2(R).
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Let us fix a discrete co-compact subgroup Γ ⊂ G and set Y = Γ \ H. We consider the
Laplace operator on the Riemann surface Y and denote by µi its eigenvalues and by φi
the corresponding normalized eigenfunctions.
The case when Γ acts freely on H precisely corresponds to the case discussed in 1.1 (this
follows from the uniformization theorem for the Riemann surface Y ). Our results hold
for general co-compact subgroup Γ (and in fact for any lattice Γ ⊂ G).
We will identify the upper half plane H with G/K, where K = PO(2) is a maximal
compact subgroup of G (this follows from the fact that G acts transitively on H and the
stabilizer in G of the point z0 = i ∈ H coincides with K).
We denote by X the compact quotient Γ \ G (we call it the automorphic space). In the
case when Γ acts freely on H one can identify the space X with the bundle S(Y ) of unit
tangent vectors to the Riemann surface Y = Γ \H.
The group G acts on X (from the right) and hence on the space of functions on X . We
fix the unique G-invariant measure µX on X of total mass one. Let L
2(X) = L2(X, dµX)
be the space of square integrable functions and (ΠX , G, L
2(X)) the corresponding unitary
representation. We will denote by PX the Hermitian form on L
2(X) given by the scalar
product. We denote by || ||X or simply || || the corresponding norm and by 〈f, g〉X the
corresponding scalar product.
The identification Y = Γ \ H ≃ X/K induces the embedding L2(Y ) ⊂ L2(X). We will
always identify the space L2(Y ) with the subspace of K-invariant functions in L2(X).
Let φ be a normalized eigenfunction of the Laplace-Beltrami operator on Y . Consider
the closed G-invariant subspace Lφ ⊂ L2(X) generated by φ under the action of G. It is
well-known that (π, L) = (πφ, Lφ) is an irreducible unitary representation of G (see [G6]).
Usually it is more convenient to work with the space V = L∞ of smooth vectors in L.
The unitary Hermitian form PX on V is G-invariant.
A smooth representation (π,G, V ) equipped with a positive G-invariant Hermitian form P
we will call a smooth pre-unitary representation; this simply means that V is the space of
smooth vectors in the unitary representation obtained from V by completion with respect
to P .
Thus starting with an automorphic function φ we constructed an irreducible smooth pre-
unitary representation (π, V ). In fact we constructed this space together with a canonical
morphism ν : V → C∞(X) since C∞(X) is the smooth part of L2(X).
Definition. A smooth pre-unitary representation (π,G, V ) equipped with a G-morphism
ν : V → C∞(X) we will call an X-automorphic representation.
We will assume that the morphism ν is normalized, i.e. it carries the standard L2 Her-
mitian form PX on C
∞(X) into Hermitian form P on V .
Thus starting with an automorphic function φ we constructed
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(i) an X-automorphic irreducible pre-unitary representation (π, V, ν),
(ii) a K-invariant unit vector eV ∈ V (this vector is just our function φ).
Conversely, suppose we are given an irreducible smooth pre-unitary X-automorphic rep-
resentation (π, V, ν) of the group G and a K-fixed unit vector eV ∈ V . Then the function
φ = ν(eV ) ∈ C∞(X) is K-invariant and hence can be considered as a function on Y .
The fact that the representation (π, V ) is irreducible implies that φ is an automorphic
function, i.e. an eigenfunction of Laplacian on Y .
Thus we have established a natural correspondence between Maass forms φ and tuples
(π, V, ν, eV ), where (π, V, ν) is an X-automorphic irreducible smooth pre-unitary repre-
sentation and eV ∈ V is a unit K-invariant vector.
It is well known that for X compact the representation (ΠX , G, L
2(X)) decomposes into
a direct (infinite) sum
(14) L2(X) = ⊕j(πj , Lj)
of irreducible unitary representations of G (all representations appear with finite multi-
plicities (see [G6])). Let (π, L) be one of these irreducible ”automorphic” representations
and V = L∞ its smooth part. By definition V is given with a G-automorphic isometric
morphism ν : V → C∞(X), i.e. V is an X-automorphic representation.
If V has a K-invariant vector it corresponds to a Maass form. There are other spaces
in this decomposition which correspond to discrete series representations. Since they are
not related to Maass forms we will not study them in more detail.
2.2. Representations of PGL2(R). All irreducible unitary representations of G are
classified. For simplicity we consider only those with a nonzero K-fixed vector (so called
representations of class one) since only these representations arise from Maass forms.
These are the representations of the principal and the complementary series and the
trivial representation.
We will use the following standard explicit model for irreducible smooth representations
of G.
For every complex number λ consider the space Vλ of smooth even homogeneous functions
on R2 \ 0 of homogeneous degree λ − 1 (which means that f(ax, ay) = |a|λ−1f(x, y) for
all a ∈ R \ 0). The representation (πλ, Vλ) is induced by the action of the group GL2(R)
given by πλ(g)f(x, y) = f(g
−1(x, y))| det g|(λ−1)/2. This action is trivial on the center of
GL2(R) and hence defines a representation of G. The representation (πλ, Vλ) is called
representation of the generalized principal series.
When λ = it is purely imaginary the representation (πλ, Vλ) is pre-unitary; theG-invariant
scalar product in Vλ is given by 〈f, g〉πλ = 12π
∫
S1
f g¯dθ. These representations are called
representations of the principal series.
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When λ ∈ (−1, 1) the representation (πλ, Vλ) is called a representation of the comple-
mentary series. These representations are also pre-unitary, but the formula for the scalar
product is more complicated (see [G5]). We will not discuss these since there are only
finitely many such representations for each Γ and we are interested in properties of eigen-
functions φi as µi →∞.
All these representations have K-invariant vectors. We fix a K-invariant unit vector
eλ ∈ Vλ to be a function which is one on the unit circle in R2.
Representations of the principal and the complimentary series exhaust all nontrivial irre-
ducible pre-unitary representations of G of class one ([G5], [L]).
Suppose we are given a class one X-automorphic representation ν : Vλ → C∞(X); we
assume ν to be an isometric embedding. Such ν gives rise to an eigenfunction of the
Laplacian on the Riemann surface Y = X/K as before. Namely, if eλ ∈ Vλ is a unit
K-fixed vector then the function φ = ν(eλ) is a normalized eigenfunction of the Laplacian
on the space Y = X/K with the eigenvalue µ = 1−λ
2
4
. This explains why λ is a natural
parameter to describe Maass forms.
3. Closed geodesics, restrictions and periods
3.1. Closed geodesics. We use the well-known description of closed geodesics in terms
of hyperbolic conjugacy classes in Γ (see [Iw]). The set of geodesics on H consist of semi-
circles centered on the absolute (Im(z) = 0) and of vertical lines. From this and the
presentation of Y as the quotient Γ \ H it follows that for each closed geodesic ℓ ⊂ Y
there exist an associated hyperbolic element γ ∈ Γ, defined up to the conjugacy in Γ, such
that γ stabilizes an appropriate geodesic ℓ˜ ⊂ H and gives rise to the one-to-one projection
{γ} \ ℓ˜→ ℓ under the map H→ Γ \H ≃ Y . Let γ be such an element. We denote Γℓ ⊂ Γ
the cyclic subgroup generated by γ. The subgroup Γℓ is defined up to the conjugacy in
Γ. Under the described above correspondence simple closed geodesics correspond to con-
jugacy classes of primitive cyclic hyperbolic subgroups which are generated by primitive
hyperbolic elements (i.e. those γ′ ∈ Γ satisfying γ′ 6= γn for any γ ∈ Γ).
We use the well-known reformulation of the above description of closed geodesics in Y
in terms of closed orbits of the group of diagonal matrices A ⊂ G acting on X on the
right. Let Γℓ be as above and let γ ∈ Γℓ be its generator. Since γ ∈ G is a hyperbolic
element there exists an element gγ ∈ G such that g−1γ γgγ = aγ ∈ A. We denote Aγ
the subgroup generated by aγ. The orbit Oℓ = gγ · A ⊂ X of A is a closed orbit which
is homeomorphic to A/Aγ. Under the natural map X → Y the orbit Oℓ is mapped
one-to-one onto the closed geodesic ℓ we start with. We denote by dOℓ the unique A-
invariant measure on Oℓ of the total mass one (a more geometric normalization which
corresponds to the length of the geodesic ℓ would be
∫
A/Aγ
1d×a ). We have hence the
relation pℓ(φ) = length(ℓ)
∫
Oℓ
|φ|2dOℓ.
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3.2. Restrictions and periods. Let ℓ be a fixed closed geodesic and γ ∈ Γℓ, O = Oℓ as
above. Any such A-orbit O gives rise to natural Hermitian forms and a set of functionals
on the space of functions C∞(X). These will be our main tools in what follows.
We define HO to be the non-negative Hermitian form on C
∞(X) given by
HO(f, g) =
∫
O
f(o)g¯(o)dO(15)
for any f, g ∈ C∞(X). We will use the shorthand notation HO(f) = HO(f, f).
Let A˜γ be the set of characters χ : A→ S1 ⊂ C× trivial on Aγ . This is an infinite cyclic
group generated by a character χ1. Hence A˜γ = {χn = χn1 , n ∈ Z}. We fix a point o˙ ∈ O.
To a character χ ∈ A˜γ we associate the function χ. : O → S1 given by χ.(o˙a) = χ(a). For
a character χ ∈ A˜γ we define the functional on C∞(X) given by
dautχ,O(f) =
∫
O
f(o)χ¯.(o)dO(16)
for any f ∈ C∞(X). The functional dautχ,O is χ-equivariant: dautχ,O(R(a)f) = χ(a)dautχ,O(f) for
any a ∈ A, where R is the right action of G on the space of functions on X . For a given
orbit O and a choice of a generator χ1 we will use the shorthand notation dautn = dautχn,O.
The functions {(χn).} form an orthonormal basis for the space L2(O, dO). Hence we have
the standard Plancherel formula:
HO(f) =
∑
n
|dautn (f)|2 .(17)
Let V be an automorphic representation. We consider the non-negative Hermitian form
HVO on V given by the restriction of HO and non-negative Hermitian forms of rank one
Qautn (·) = |dautn (·)|2 restricted to V . We rewrite (17) as
HVO =
∑
n
Qautn(18)
and view this as an equality of non-negative Hermitian forms on V .
3.2.1. Geometric inequality for HO. The Hermitian form HO is defined through the inte-
gral over a compact set in X and hence its average over the action of G is bounded by
the standard Hermitian form PX on L
2(X). Namely, the group G naturally acts on the
space of Hermitian forms on C∞(X). We denote this action by Π. We extend Π to the
action of the algebra H(G) = C∞c (G,R) of smooth real valued functions with compact
support. We have the following basic
Lemma. For any h ∈ H(G), h ≥ 0 there exists a constant C = Ch such that
Π(h)HO ≤ CPX .
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Proof. Let u ∈ C∞(X). Then PX(u) =< µX , |u|2 > and Π(h)HO(u) =< µ′, |u|2 >, where
µ′ = Π(h)dO. The measure µ′ is smooth (since h is smooth) and X is compact hence the
measure µ′ is bounded by CµX . 
3.3. Homogeneous functionals.
3.3.1. Uniqueness of homogeneous functionals. The functionals dautn introduced above are
χn- equivariant. The central fact about such functionals is the following uniqueness result:
Theorem. Let (π, V ) be an irreducible smooth admissible representations of G and let
χ : A→ C× be a multiplicative character. Then dimHomA(V, χ) = 1.
The uniqueness statement is a standard fact in the representation theory of G. It easily
follows from the existence of the Kirillov model (see [G6]). There is no uniqueness of
trilinear functionals for representations of SL2(R) (the space is two-dimensional: it splits
into even and odd functionals). This is the reason why we prefer to work with PGL2(R)
(although our method could be easily adopted to SL2(R)).
3.3.2. Model homogeneous functionals. For every λ ∈ C we denote by (πλ, Vλ) the smooth
class one representation of the generalized principle series of the group G = PGL2(R)
described in 2.2. We will use the realization of (πλ, Vλ) in the space of smooth homogeneous
functions on R2 \ 0 of homogeneous degree λ− 1 (see [G5]).
For explicit computations it is often convenient to pass from plane model to a line model.
Namely, the restriction of functions in Vλ to the line (x, 1) ⊂ R2 defines an isomorphism of
the space Vλ with the space C
∞(R) of even smooth functions on R decaying on infinity as
|x|λ−1 so we can think about vectors in Vλ as functions on R. Under such an identification
the action of the diagonal subgroup is given by
(19) πλ(a)f(x, 1) = f(a
−1x, a) = |a|λ−1f(a−2x, 1) .
Where we used the shorthand notation a = diag(a, a−1) =
(
a
a−1
)
.
Note that in this model a K-fixed unit vector is given by eλ0(x) = c(1 + x
2)(λ−1)/2 (where
the normalization constant c is independent of λ).
Let s ∈ C and χs : A → C×, χs(a) = |a|s be the corresponding character. From the
description of the action of A in the line model we see that the functionals (distributions)
dmods,λ defined by the kernel |x|−
1
2
−λ/2+s/2 are (A, χs)-equivariant functionals on Vλ. Namely,
we define
dmods,λ (v) =
∫
|x|− 12−λ/2+s/2v(x)dx .(20)
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We have dmods,λ (πλ(a)v) = χs(a)d
mod
s,λ (v). In particular an A-invariant functional is given by
dmod0,λ (v) =
∫
|x|− 12−λ/2v(x)dx .(21)
We note that for the general value of s ∈ C one have to understand the above integrals in
a regularized sense but we will be interested in unitary characters only (s ∈ iR) for which
the integrals above are absolutely convergent.
3.3.3. Coefficients of proportionality. The uniqueness of homogeneous functionals implies
that daut and dmod are proportional. Namely, let O be a closed A-orbit, Aγ the corre-
sponding subgroup with a generator aγ = diag(aγ, a
−1
γ ) and let V be an automorphic
representation isomorphic to a representation of the principal series Vλ. We denote by
q = qγ = 1/ ln(aγ). For n ∈ Z we consider the kernel |x|− 12−λ/2+inq and the corre-
sponding homogeneous functional dmodn,λ defined on Vλ by means of this kernel. The set
{dmodn,λ , n ∈ Z} exhaust the set of all χ-invariant functionals on V as χ ∈ A˜γ . It follows
from the uniqueness theorem that for any n ∈ Z and any automorphic representation V
which is isomorphic to Vλ there exists a constant an,V ∈ C such that
dautχn,O = an,V · dmodn,λ .(22)
The constant an,V depends on the parameter λ and also on the isometry νV : V → Vλ
(e.g. when the multiplicity of the corresponding eigenvalue of ∆ is greater than one). We
will, however, use the notation an,λ = an,V suppressing this difference as our method is
not sensitive to the multiplicity of V .
We denote by Qmodn,λ the non-negative Hermitian form Q
mod
n,λ (·) = |dmodn,λ (·)|2. Taking into
account (18) we arrive at our basic relation
HVO =
∑
n
|an,λ|2Qmodn,λ(23)
of non-negative Hermitian forms on V .
3.4. Average bound. We formulate now our main result (Theorem B):
Theorem. For a given orbit O as above there exists a constant C = CO such that for
any T ≥ 1 the following bound holds∑
|n|≤T
|an,λ|2 ≤ C ·max(T, |λ|) .(24)
for any automorphic representation which is isomorphic to a representation of the prin-
cipal series Vλ.
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3.4.1. Test functionals. The proof of Theorem 3.4 is based on the notion of positive test
functionals on the space H(V ) of Hermitian forms on an automorphic representation V .
Let H(V )+ ⊂ H(V ) be the set of nonnegative Hermitian forms.
Definition. A positive functional on the space H(V ) is an additive map ρ : H(V )+ →
R+
⋃∞.
The basic example of such functionals is the functional ρv(H) = H(v) defined for any
vector v ∈ V .
We construct below a special family of positive functionals ρT parameterized by the real
parameter T ≥ 1 in order to bound coefficients an,λ.
Proposition. There exist a constant C such that for any T ≥ 1 and an automorphic
representation V ≃ Vλ we can find a positive functional ρT on H(V ) satisfying
ρT (H
V
O ) ≤ CT(25)
ρT (Q
mod
n,λ ) ≥ 1 for any |n|, |λ| ≤ T(26)
Proof. We construct the positive functional ρT by integrating an elementary positive func-
tional ρvT with the specially chosen vector vT ∈ Vλ against a smooth compactly supported
non-negative function h ∈ H(G). Namely, let δ be a smooth non-negative function with
the support supp(δ) ⊂ [−0.1, 0.1] and satisfying ∫ δ(x)dx = 1. For any real T consider
the function vT (x) = T · δ(T (x− 1)) and view it as a vector in Vλ. We have
PX(vT ) = ‖vT‖2Vλ = c1T .(27)
We also have
Qmodn,λ (vT ) ≥ c2(28)
for max(|n|, |λ|) ≤ T since vT has the support on the interval of the size smaller than T
around 1 and the kernel of Qmodn,λ is given by the oscillating function with the phase having
the variation on the support of vT smaller than
1
2
.
Let U ⊂ G be a small fixed neighborhood of the identity such that g−1 · [0.9, 1.1] ⊂ [1
2
, 3
2
]
for any g ∈ U under the standard action of G on R. For any g ∈ U the function πλ(g)vT
is very similar to the original function vT and supported off the singularities of the kernel
of Qmodn,λ . In particular, πλ(g)vT satisfies conditions (27) and (28), possibly with other
constants. Hence the positive functional Π(h)ρvT satisfies the same conditions for any
h ∈ H(V ) with supp(h) ∈ U . Taking appropriate h we see that ρT = Π(h)ρvT satisfies
the condition (26). Moreover, taking into account Lemma 3.2.1 we see that the condition
(25) is also satisfied. 
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3.4.2. Proof of Theorem 3.4. Taking the positive functional ρT from Proposition 3.4.1 we
obtain:
CT ≥ ρT (HVO ) =
∑
n
|an,λ|2ρT (Qmodn,λ ) ≥
∑
|n|≤T
|an,λ|2ρT (Qmodn,λ ) ≥
1
2
∑
|n|≤T
|an,λ|2(29)
for any T ≥ |λ|.

3.4.3. A conjecture. While the bound in Theorem 3.4 is sharp, for a single coefficient in
the sum it gives only |an,λ| ≪ max(|n| 12 , |λ| 12 ). Such a bound follows easily from the bound
on the supremum norm on automorphic representations obtained in [BR2]. This situation
is reminiscent of a sharp bound on the average size of the standard Fourier coefficients of
Maass forms versus bounds on a single Fourier coefficient towards Ramanujan-Peterson
conjecture. On the basis of this analogy we propose the following
Conjecture. For a fixed closed orbit O the coefficients an,λ satisfy the following bound
|an,λ| ≪ (max(|n|, |λ|))ε(30)
for any ε > 0.
4. Restriction to closed geodesics
In this section we use our main technical result Theorem 3.4 in order to prove Theorem
A from the Introduction.
4.1. Spectral density of a K-fixed vector. In order to use the Plancherel relation
(17) and the average bound (24) we need to compute spectral density of a K-fixed vector
eλ0 ∈ Vλ with respect to the model forms Qmodn,λ . We have
bn,λ = d
mod
n,λ (e
λ
0) =
∫
|x|− 12−λ/2+inq(1 + x2)λ/2− 12dx = Γ(
1−λ+inq
4
)Γ(1−λ−inq
4
)
Γ(1−λ
2
)
.(31)
Where we have used the table integral ([Ma]):∫
|x|s(1 + x2)tdx = B
(
s+ 1
2
,−t− s+ 1
2
)
=
Γ( s+1
2
)Γ(−t− s+1
2
)
Γ(−t) .(32)
From the exact expression in (31) and the Stirling formula for the asymptotic of the
Γ-function we see that there are constants ci such that
(33) |bn,λ|2 ≤
{ c1|λ|−1 for |nq| ≤ 0.9|λ|;
c2|λ|− 12 , for 0.9|λ| ≤ |nq| ≤ 1.1|λ|;
c3e
−0.1nq, 1.1|λ| ≤ |nq|.
Remark. The constants 0.9 and 1.1 could be substituted by 1 − σ and 1 + σ for any
0 < σ < 1.
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4.2. Proof of Theorem A. Let φi be a norm one Maass form in an automorphic repre-
sentation V ≃ Vλ. We deduce from (17), (24) and (33) that
1
length(ℓ)
pℓ(φi) =
∫
O
|φi|2dO = HVO (eλ0) =
∑
n
|an,λ|2Qmodn (eλ0) =(34)
=
∑
|n|≤1.1|λ|
|an,λ|2|bn,λ|2 +
∑
1.1|λ|≤|n|
|an,λ|2|bn,λ|2 ≤ |λ|− 12
∑
1.1|λ|≤|n|
|an,λ|2 + C ′ ≤ C|λ| 12(35)
since (24) implies that
∑
|n|≤1.1|λ| |an,λ|2 ≤ C|λ| and the summation by parts implies that∑
1.1|λ|≤|n| |an,λ|2e−0.1qn ≤ C ′. This gives the bound (11) since |λ| ≈ µ
1
2 .

5. Restriction to geodesic circles
In this section we prove Theorem B on restriction to geodesic circles. The proof goes
along same lines as the proof of Theorem A for closed geodesics.
5.1. Geodesic circles. We fix a maximal compact subgroup K ⊂ G and the identifica-
tion G/K → H, g 7→ g · i. Let y ∈ Y be a point and π : H → Γ \ H ≃ Y the projection
as before. Let Ry > 0 be the injectivity radius of Y at y. For any r ≤ Ry we define
the geodesic circle of radius r centered at y to be the set σ(r, y) = {y′ ∈ Y |d(y′, y) = r}.
Since π is a local isometry we have that π(σH(r, z)) = σ(r, y) for any z ∈ H such that
π(z) = y where σH(r, z) is a corresponding geodesic circle in H (all geodesic circles in H
are Euclidian circles though with the different from y center). We associate to any such
circle on Y an orbit of a compact subgroup in X . Namely, any geodesic circle on H is
of the form σH(r, z) = hKg · i with h, g ∈ G such that h · i = z and hg · i ∈ σH(r, z)
(i.e. an h-translation of a standard geodesic circle around i ∈ H passing through g · i).
Note, that the radius of the circle is given by the distance d(i, g · i) and hence g 6∈ K
for a nontrivial circle. Given the geodesic circle σ(r, y) ⊂ Y which gives rise to a circle
σH(r, z) ⊂ H and the corresponding elements g, h ∈ G we consider the compact subgroup
Kσ = g
−1Kg and the orbit Oσ = hg ·Kσ ⊂ X . Clearly we have π(Oσ) = σ. We endow
the orbit Oσ with the unique Kσ-invariant measure dOσ of the total mass one (from geo-
metric point of view a more natural measure would be the length of σ). We have then
pσ(φ) = length(σ)
∫
Oσ
|φ|2dOσ.
We also note that for what follows the restriction r < Ry is not essential. From now
on we assume that O ⊂ X is any orbit of K ′. The restriction r < Ry implies that the
projection π(O) ⊂ Y is a smooth non-self intersecting curve on Y and is not essential for
our method.
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5.2. Hermitian forms. Let σ, K ′ = Kσ and O = Oσ be as above. We define the
non-negative Hermitian form on C∞(X) by
HO(f, g) =
∫
O
f(o)g¯(o)dO(36)
for any f, g ∈ C∞(X). We will use the shorthand notationHO(f) = HO(f, f). Examining
the proof of Lemma 3.2.1 we have, in the notations of 3.2.1,
Lemma. For any h ∈ H(G), h ≥ 0 there exists a constant C = Ch such that
Π(h)HO ≤ CPX .

5.2.1. Characters. We fix a point o˙ ∈ O. To a character χ : K ′ → S1 we associate a
function χ.(o˙k
′) = χ(k′), k′ ∈ K ′ on the orbit O and the corresponding functional on
C∞(X) given by
dautχ,O(f) =
∫
O
f(o)χ¯.(o)dO(37)
for any f ∈ C∞(X). The functional dautχ,O is χ-equivariant: dautχ,O(R(k′)f) = χ(k′)dautχ,O(f) for
any k′ ∈ K ′, where R is the right action of G on the space of functions on X . For a given
orbit O and the choice of a generator χ1 of the cyclic group Kˆ ′ we will use the shorthand
notation dautn = d
aut
χn,O
, where χn = χ
n
1 . The functions (χn). form an orthonormal basis for
the space L2(O, dO).
Let V be an irreducible automorphic representation. We introduce non-negative Her-
mitian forms of rank one Qautn (·) = |dautn (·)|2 restricted to V and consider the Plancherel
formula restricted to V :
HVO =
∑
n
Qautn .(38)
Let V ≃ Vλ be a representation of the principal series. We have dimHomK ′(Vλ, χ) ≤ 1 for
any character χ of K ′ (i.e. the space of K-types is at most one dimensional). This is well-
known in representation theory of PGL2(R) and could be seen from the isomorphism
Vλ ≃ C∞even/odd(S1), for example. In fact dimHomK(Vλ, χn) = 1 iff n is even for V
corresponding to a Maass form.
Consider the model Vλ ≃ C∞(S1) and the standard vectors (exponents) en = exp(2πin) ∈
C∞(S1) which form the basis of K-types for the standard maximal compact subgroup K.
For any n such that dimHomK(Vλ, χn) = 1 the function e
′
n = πλ(g
−1)en defines the
model functional on Vλ through d
mod
n,λ (v) = d
mod
χn,λ
(v) =< v, e′n > which is χn-equivariant
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with respect to K ′. Introducing the Hermitian forms Qmodn = |dn,λ(·)|2 we arrive at basic
relations
Qautn,λ = |an,λ|2Qmodn,λ .(39)
HVO =
∑
n
|an,λ|2Qmodn,λ .(40)
5.2.2. Average bound. By examining the proof of Theorem 3.4 we arrive at a similar
statement.
Theorem. For a given orbit O as above there exists a constant C = CO such that for
any T ≥ 1 the following bound holds∑
|n|≤T
|an,λ|2 ≤ C ·max(T, |λ|) .(41)
for any automorphic representation which is isomorphic to a representation of the prin-
cipal series Vλ.
The proof again is based on the existence of appropriate test functionals on the space of
Hermitian forms on Vλ satisfying the same conditions as in Proposition 3.4.1.

5.3. Spectral density. We are left to compute spectral decomposition of the K-fixed
vector e0 ∈ Vλ with respect to the basis of K ′-types. Namely, we need to estimate
coefficients
cn,λ = d
mod
n,λ (e0) =< e0, e
′
n >=< e0, πλ(g
−1)en >=< πλ(g)e0, en > .(42)
These are finite K-types matrix coefficients of the spherical vector e0 ∈ Vλ. These matrix
coefficients satisfy the following crude bound ( compare (33)).
Lemma. Let g ∈ G be fixed, g 6= e. There exists a constant c = cg > 1 and constants
c1, c2 > 0 such that
(43) |cn,λ|2 ≤
{ c1|λ|−1 for |2πn| ≤ 0.9c|λ|;
c2|λ|− 23 , for 0.9c|λ| ≤ |2πn| ≤ 1.1c|λ|;
o(n−N) for any N > 0, for 1.1c|λ| ≤ |2πn|.
Proof. We want to estimate quantities < πλ(g)e0, en >. Namely, we need to estimate the
coefficients of the Fourier expansion of fλ(θ) = πλ(g)e0(θ) ∈ C∞(S1). The function fλ
is given by the formula fλ(θ) = |g′(θ)|− 1+λ2 . We consider the corresponding oscillatory
integral
cn,λ =< fλ, en >=
∫
S1
|g′(θ)|− 12 e 12λ ln |g′(θ)|−2πinθdθ .(44)
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Clearly, g′(θ) is a smooth real valued non-zero function. Let c = maxS1 d log |g′|. It
is easy to see (for example by taking the Cartan decomposition g = k1diag(a, a
−1)k2,
where k1, k2 ∈ K) that the phase of the oscillatory integral (44) has non-degenerate
critical points for |2πn| ≤ 0.9c|λ| no critical points for |2πn| ≥ 1.1c|λ| and a critical point
with the degeneration of a degree at most 3 (i.e. of a type ct3 in a local parameter t)
for 0.9c|λ| ≤ |2πn| ≤ 1.1c|λ|. The bound (43) follows now from the stationary phase
method. 
5.3.1. Proof of Theorem B. Examining the proof of Theorem A in Section 4.2 we arrive
immediately at the bound (6) in Theorem B.

Remark. The discrepancy in the behavior of coefficients bn,λ and cn,λ (compare (33) to
(43)) is a result of the difference in the type of degeneration of the phase of the oscillatory
integrals (31) and (44). This is reflected in the difference of corresponding exponents in
bounds in Corollaries A and B. While the phase in the integral in (44) for the coefficients
related to geodesic circles has degeneration of a degree at most 3, the corresponding
phase in (31) for the coefficients related to closed geodesics has the critical point which
coincides with the singularity of the amplitude. We note that underlying average bounds
on coefficients aχ,λ relating the geometric Hermitian form HO to model Hermitian forms
Qmodχ,λ are the same in both cases (compare Theorems 3.4 and 5.2.2).
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